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Abstract Adaptive controllers are designed to synchronize two different chaotic 
systems with uncertainties, including unknown parameters, internal and external 
perturbations. Lyapunov stability theory is applied to prove that under some 
conditions the drive-response systems can achieve synchronization with uniform 
ultimate bound even though the bounds of uncertainties are not known exactly in 
advance. The designed controllers contain only feedback terms and partial nonlinear 
terms of the systems, and they are easy to implement in practice. The Lorenz system 
and Chen system are chosen as the illustrative example to verify the validity of the 
proposed method. Simulation results also show that the present control has good 
robustness against different kinds of disturbances. 
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1 Introduction 
Beginning with the pioneering work of Pecora and Carroll,
1
 synchronization of 
chaotic systems has become an important topic in nonlinear science not only for its 
importance in theory but also for its potential applications in various areas, for 
example, secure communication,
2,3
 chemical and biomedical science,
4,5
 life science,
6 
electromechanical engineering
7
 and so on.
8,9
 Many different control strategies have 
been developed to deal with synchronization issue such as replacing variable control,
1 
linear or nonlinear feedback control,
10-12
 sliding mode control,
13
 adaptive control,
14
 
impulsive control.
15
 Synchronization of two identical chaotic systems has been widely 
studied, but in real-world system such as laser arrays,
16
 biological system,
5
 it is hardly 
the case that every component can be assumed to be identical. As a consequence, 
synchronization between two different chaotic systems has attracted increasing 
attention.
17,18
 Transmitter and receiver with different chaotic structures imply larger 
key space and higher security in a cryptosystem when synchronization is applied to 
secure communication. Moreover, uncertainties, including unknown parameter, 
internal and external perturbation, occur commonly in practical situation. Such 
uncertainties may destroy the synchronization,
19
 or achieve higher security of 
cryptosystems by intentionally injecting them into chaotic systems.
20
 Hence, 
synchronization between two different chaotic systems in the presence of 
uncertainties is becoming an important issue. Synchronization between two different 
chaotic systems with unknown parameters was investigated.
21-26
 While the chaotic 
system is perturbed by random or regular noise, synchronization issue is studied.
27-31
 
Adaptive control is one of the most efficient methods to deal with these problems with 
uncertainties. 
In this paper adaptive control technique is used to design suitable controllers to 
synchronize different chaotic systems with uncertainties, including unknown 
parameters, internal and external perturbations (random or regular). Because of the 
existence of uncertainties, the drive-response systems are usually difficult to achieve 
complete synchronization. So a concept of synchronization with uniform ultimate 
bound is introduced in this paper. Under some conditions Lyapunov stability theory 
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ensures that the drive-response chaotic systems can achieve synchronization with 
uniform ultimate bound even though the bounds of uncertainties are not known 
exactly in advance. The designed controllers contain only feedback terms and partial 
nonlinear terms of the systems, and they are easy to implement in practice. The 
Lorenz system and Chen system are chosen as the illustrative example to verify the 
validity of the proposed method. Simulation results also show that the present control 
is robust against different kinds of disturbances. 
 
2 Problem description 
Consider the drive system of the form 
 ( ) ( ) ( , )x f x F x d x t   ,                                 (1) 
where nx R  is the state vector, mR  is the unknown parameter vector, 
1( ) nf x R   and mnRxF )( are known function matrices, 1( , ) nd x t R   is the 
uncertainties including parameter perturbation and external disturbance. 
Let nx R  be a bounded region containing the whole attractor of drive system 
(1) such that no trajectory of system (1) ever leaves it. This assumption is simply 
based on the bounded property of chaotic attractor. Also, let mRM   be the set of 
parameter under which system (1) is in a chaotic state. 
The response system with a controller is constructed as follows 
( ) ( ) ( )y g y G y u t   ,                                   (2) 
where
ny R , sR  is the unknown parameter vector, 1)(  nRyg  and 
snRyG )(  are known function matrices, ( ) nu t R  is the control input vector. Let 
n
y R  be a bounded region containing the whole attractor of response system (2) 
with 0)( tu . 
Due to the uncertainties in the drive system (1), the response system (2) is usually 
difficult to achieve complete synchronization with the drive system (1). Therefore a 
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concept of synchronization with uniform ultimate bound is introduced in this paper. 
Definition 1 The drive-response systems (1) and (2) achieve synchronization with 
uniform ultimate bound if for any initial state xx )0( and yy )0( , there exist 
constants 0h   and 0 0T   such that the trajectory ))0(,( xtx  of system (1) and 
trajectory ))0(,( yty  of system (2) satisfy 
        | | ( , ( 0 ) ) ( , ( 0 ) ) | |x t x y t y h  , for any 0t T ,                    (3) 
where ||.|| denotes the Euclidean norm. 
According to this definition, our control objective is to design a suitable adaptive 
controller ( )u t  such that the distance between trajectories ( )x t  and ( )y t  of drive 
and response systems will eventually become less than an error bound h . 
 
3 Design of adaptive synchronization controller  
Firstly, some assumptions are given as follows. 
Assumption 1 The disturbance vector ( , )d x t  are norm bounded by an unknown 
positive constant dL , namely, || ( , ) || dd x t L . 
Assumption 2 The function vectors )(f  and )(g  are continuous on a bounded 
closed region   containing both x  and y . So there exists a positive constant 
fL  such that 
                || ( ) ( ) || ff x g x L  , x . 
Assumption 3 The function vector )(g  satisfies the Lipschitz condition, that is, 
there exists a positive constant gL  such that 
|| ( ) ( ) || || ||gg x g y L x y   , for any 
nRyx , . 
Theorem 1 Under Assumptions 1-3, the drive-response systems (1) and (2) can 
achieve synchronization with uniform ultimate bound if the controller ( )u t  is 
designed as  
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                    ˆˆˆ( ) ( ) ( )u t F x G y k e    ,                        (4) 
where  e x y   is the error variable, and the adaptive variables ˆ , ˆ  and kˆ  
satisfy the following adaptation laws 
ˆ ( )TF x e  , ˆ ( )TG y e  

, 2ˆ || ||k e

.                   (5) 
Proof The error dynamical system is 
     ˆˆˆ( ) ( ) ( ) ( ) ( ) ( ) ( , )e x y f x g y F x G y k e d x t               .      (6) 
Construct a Lyapunov function 
21 ˆˆ ˆˆ ˆ[ ( ) ( ) ( ) ( ) ( ) ]
2
T T TV e e k k                , 
where k  is a constant to be determined. Using Assumptions 1-3 and Eqs.(4)-(6), the 
time derivative of V satisfies, 
  
2
2
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where 1 , 2  are small positive constants. Let 
                        2 21 2
1
( )
2
f dL L    .                          (7) 
If the constant k  satisfies  
1 2
1 1
1
2 2
gk L
 
    ,                        (8) 
then we have 
             
2|| ||V e    .                             (9) 
Based on (9), synchronization with uniform ultimate bound thus follows using the 
results and terminology.
32,33
 Therefore, the state error will be contained within the 
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vicinity of the equilibrium 0e . 
Remark 1 From Eqs.(7) and (9), it is clear that if 1  and 2  are chosen sufficiently 
small,   will be sufficiently small which implies the synchronization error will also 
be sufficiently small. 
Remark 2 The controller (4) contains only the feedback term and partial nonlinear 
terms of the systems, while the controllers
22-28
 include all the information appeared in 
the error dynamical system or the master-slave systems.  
Remark 3 Our method needn’t know the exact bounds of state variables iy  of the 
response system, which are hard to determine in practice. But the bounds must be 
known in implementation.
29
 
Remark 4 From Eqs.(7)-(9), not only the bounds dL  and fL , but also the Lipschitz 
constant gL  can be injected into the constants k  and  , which can be adaptively 
adjusted by the adaptation laws (5). So the constants dL , fL and gL  are necessary in 
the process of theoretical proof but unnecessary to be known exactly in practice. 
Remark 5 As we will see in what follows, the present control is robust against 
different kinds of disturbances, including internal or external, random or regular 
disturbances. 
 
4 Illustrative example 
Synchronization between Lorenz system and Chen system is presented to simulate 
the proposed method. 
The Lorenz system with unknown parameters and perturbations is chosen as the 
drive system 
         
1 2 1 1 1
2 2 1 3 1 2 2
3 1 2 3 3 3
0 0 0 ( , )
0 0 ( , )
0 0 ( , )
x x x d x t
x x x x x d x t
x x x x d x t



         
         
             
                  



         (10) 
Compared with Eq.(1), the relative notations are 
1 2 3( , , )
Tx x x x , 2 1 3 1 2( ) (0, , )
Tf x x x x x x   , 2 1 1 3( ) ( , , )F x diag x x x x   , 
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1 2 3( , , )
T    , 1 2 3( , ) ( ( , ), ( , ), ( , ))
Td x t d x t d x t d x t . 
The Chen system with unknown parameters and controllers is selected as the 
response system 
           
1 2 1 1 1
2 1 3 1 1 2 2 2
3 1 2 3 3 3
0 0 0 ( )
0 ( )
0 0 ( )
y y y u t
y y y y y y u t
y y y y u t



         
         
              
                  



         (11) 
Compared with Eq.(2), the relative notations are 
1 2 3( , , )
Ty y y y , 1 3 1 2( ) (0, , )
Tg y y y y y  , 
2 1
1 1 2
3
0 0
( ) 0
0 0
y y
G y y y y
y
 
 
   
  
, 
1 2 3( , , )
T    .  1 2 3( ) ( ( ) , ( ) , ( ) )
Tu t u t u t u t  is determined by Eqs.(4) and (5).  
It is easy to verify that the Lorenz system and Chen system satisfy Assumptions 1-3. 
Case 1 If no disturbance is applied to the drive system, that is, ( , ) 0d x t  , then the 
response system (11) can achieve complete synchronization with the drive system (10) 
as shown in Fig.1, where the unknown parameters are assumed to be “known” as 
T)38,28,10( and T)3,28,35( , and the initial values are (0) (3, 2,5)Tx   , 
(0) ( 1,2,1)Ty   , ˆ(0) (3, 2, 1)T    , ˆ(0) ( 5, 4, 2)T    and ˆ(0) 1k  .  
Case 2 If parameter perturbation is applied to the drive system (10), for example,  
1 2 1
2 1 2 1 3
3 1 2 3
10 10(1 sin 2 ) ,
28 (1 cos ) ,
8
(1 sin 3 ) ,
3
x x c t x
x x c t x x x
x x x c t x
  
   
  



 
that is, 
1 2 3
8
( , ) ( sin(2 ) (10 ), cos , sin(3 ) ( ))
3
Td x t c t x c t x c t x    ,            (12) 
the response system (11) can achieve synchronization with uniform ultimate bound 
with the drive system (10). Fig.2 displays the result with the perturbed strength 
5%c   compared with the magnitude of state variables ( 1, 2,3)ix i  . Such 
perturbation does not destroy the chaotic characteristic of the Lorenz system, whose 
attractor is shown in Fig.3. As shown in Fig.4, the proposed control is robust against 
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parameter perturbation even though the perturbed strength c  increases to 10%.  
The ultimate synchronization error bound is about 0.27 for 10%c   while the value 
is 0.17 for 5%c  . The adaptive processes of parameters )(ˆ t , )(ˆ t and )(ˆ tk are 
sketched in Figs.5 and 6. The initial values are the same as those of Case 1. 
Case 3 If external perturbation is applied to the drive system (10), for example, 
1 2 3( , ) ( sin(2 ), cos , sin(3 ))
Td x t cm t cm t cm t ,                  (13) 
where ( 1,2,3)im i   are respectively the bounds ( 1, 2,3)ix i  of attractor of the drive 
system (10), the response system (11) can achieve synchronization with uniform 
ultimate bound with the drive system (10). The simulation result is shown in Fig.7 
with the perturbed strength 5%c  . We can assume that 1 20m  , 2 25m   and 
503 m from Fig.3.  Additional simulations verify that the ultimate synchronization 
error bound is about 0.09 for 10%c   while the value is 0.05 for 5%c  . The 
above simulations are performed in computer algebraic system Mathematica, where 
instruction NDSolve is used. 
Case 4 If external random noise is applied to the drive system (10), for example, 
1 2 3( , ) ( (0,1), [0,1], sin ))
Td x t cm N cm U cm t ,                (14) 
where )1,0(N is the standard normal distribution and ]1,0[U  is the uniform 
distribution on [0,1], the response system (11) also can achieve synchronization with 
the drive system (10). The result is sketched in Fig.8, where the perturbed strength 
5%c  . Additional simulations show that the average of the ultimate synchronization 
error bounds is about 0.15 for random noise strength 10%c   while the value is 0.07 
for 5%c  . The simulations of this case are performed in computer algebraic system 
Matlab, where instruction ode45 with step size 0.001 is chosen. 
 
5 Conclusions 
In this paper we design adaptive controllers to synchronize two different chaotic 
systems with uncertainties, containing unknown parameters, internal and external 
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perturbations (regular or random). Using Lyapunov stability theory, we demonstrate 
that under some conditions the drive-response systems can achieve synchronization 
with uniform ultimate bound. There is no need to know exactly the bounds of 
uncertainties and the Lipchitz constant in advance. The designed controllers contain 
only feedback terms and partial nonlinear terms of the systems, and they are easy to 
implement in practice. The Lorenz system and Chen system are chosen as the 
illustrative example to verify the validity of the proposed method. Simulations show 
that the present control has good robustness against different kinds of disturbances. 
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Figure captions 
Fig.1 Achievement of complete synchronization without perturbation 
Fig.2 Achievement of synchronization with uniform ultimate bound under 
perturbation (12) 
Fig.3 Attractor of the Lorenz system under perturbation (12): (a) 21 xx  plane; (b)
31 xx  plane 
Fig.4 Synchronization error of drive-response systems (10) and (11) under 
perturbation (12) with strength 10%c   
Fig.5 Adaptive processes of parameters 1ˆ , 2ˆ , 3ˆ and kˆ  under perturbation (12) 
Fig.6 Adaptive processes of parameters 1ˆ , 2ˆ and 3ˆ  under perturbation (12)  
Fig.7 Achievement of synchronization with uniform ultimate bound under 
perturbation (13) 
Fig.8 Achievement of synchronization with uniform ultimate bound under 
perturbation (14) 
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Figures 
 
Fig.1 Achievement of complete synchronization without perturbation 
 
 
Fig.2 Achievement of synchronization with uniform ultimate bound under perturbation (12)  
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Fig.3 Attractor of the Lorenz system under perturbation (12): (a) 21 xx  plane; (b) 31 xx  plane 
 
Fig.4 Synchronization error of drive-response systems (10) and (11) under perturbation (12) with 
strength 10%c   
 
Fig.5 Adaptive processes of parameters 1ˆ , 2ˆ , 3ˆ and kˆ  under perturbation (12) 
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Fig.6 Adaptive processes of parameters 1ˆ , 2ˆ and 3ˆ  under perturbation (12)  
 
Fig.7 Achievement of synchronization with uniform ultimate bound under perturbation (13) 
 
 
Fig.8 Achievement of synchronization with uniform ultimate bound under perturbation (14) 
 
